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Abstract. In this article we present the complete massless and massive one-loop triangle diagram results
using the negative dimensional integration method (NDIM). We consider the following cases: massless
internal fields; one massive, two massive with the same mass m and three equal masses for the virtual
particles. Our results are given in terms of hypergeometric and hypergeometric-type functions of the
external momenta (and masses for the massive cases) where the propagators in the Feynman integrals
are raised to arbitrary exponents and the dimension of the space-time is D. Our approach reproduces the
known results; it produces other solutions as yet unknown in the literature as well. These new solutions
occur naturally in the context of NDIM revealing a promising technique to solve Feynman integrals in

quantum field theories.

1 Introduction

The study of scattering amplitudes in quantum electro-
dynamics (QED), quantum chromodynamics (QCD), and
the standard model (SM) for electroweak interactions, as
well as the renormalization group, asymptotic freedom,
and other properties of perturbative quantum field theo-
ries, have required each time the computation of complex
Feynman integrals. Therefore, the development of refined
mathematical methods and approaches to deal with them
have been studied and applied to various cases with vary-
ing success. Some of these are: dimensional regularization
[1,2], use of the Mellin-Barnes representation for hyperge-
ometric functions [3], the method of Gegenbauer polyno-
mials [4], integration by parts [5] and several others [6-14].

Another integration method that has been developed
in recent years and applied with great success is the neg-
ative dimensional integration method (NDIM) [15]. This
method uses the analytic continuation of dimension D into
negative values. One advantage for NDIM is that the com-
plexities of performing D-dimensional integrals are trans-
ferred to a resolution of systems of linear algebraic equa-
tions. The NDIM approach was proven to be satisfactory
when applied to the calculation of various types of Feyn-
man diagrams at one- and two-loop levels as well as in
non-covariant gauges such as the light-cone and Coulomb
ones [16-19].
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In this paper we use NDIM to obtain the complete
set of solutions to one-loop triangle diagram, that occur
in some processes such as interactions between Z parti-
cles, gluons, etc.; diagrams which become more and more
significant in the precision measurements leading to the
checking of the electroweak standard model, and search
for the Higgs intermediate boson for example. Some cases
from this vertex graph type were investigated with other
approaches [3,20-26]. On the other hand, with the NDIM
technique we are able to obtain all the possible differ-
ent solutions to the one-loop triangle diagram in different
kinematical regions of interest according to the conver-
gence region considered. These solutions are expressed in
terms of hypergeometric-type functions.

This work is organized as follows. In Sect.1 we illus-
trate the use of NDIM to solve the one-loop massless tri-
angle and point out its solutions in Appendix A. Massive
cases with two null masses, one null and two equal masses
and three equal masses are treated in Sect.2 and the so-
lutions presented in Appendices B, C and D respectively.
Wherever possible, results are then compared to known
ones in the pertinent literature (either in a specific kine-
matical region or for particular cases with specific values
for the exponents of the propagators set to minus one).
Finally in Sect. 3 we discuss the main results of the paper
and present our concluding remarks.

2 One-loop massless triangle

In this section, we present the result for the one-loop mass-
less triangle diagram (see Fig. 1) with two independent ex-
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Fig. 1. One-loop massless triangle diagram

ternal momenta, evaluated according to the procedure of
NDIM.

The most general form for the one-loop Feynman in-
tegral associated to this diagram is given by

dPk
| T O

where D > 0 and a/, b, ¢ > 0.
In the context of NDIM we take the corresponding
integral, namely,

J = J(Cl,b, D, Qamlvaaml’») (2)
— [ aPK ek - p)? = [k — ) —

with a,b,c > 0, and D < 0. The physically interesting
result emerges after analytic continuation into positive di-
mensionality and negative exponents for a, b, c.

We begin by taking the special case where all the in-
ternal field masses are set to zero; that is, we take mq, =
mo = mg = 0. The starting point is the evaluation of the
corresponding Gaussian integral

I=1(a,,7,p,9)
— [aPkexp{-ak® - 5k -9~ 50k~ 0} (3
B { - :|D/2
Cla+B8+y
_ _ 42 _ 2 2
% exp { By(p —q)* — aBp® — ayq } 7 (4)
a+p+y
where, after the expansion in «, 8 and ~y powers, we get
T = 7P/2 Z (_1)j1+j2+j3p(1 —j1 —jo—js —D/2)
J1,J6=0
adrtiz+ia ﬁj1+j3+j5 7j2+j3+j6 (pz)jl (q2)j2 (7“2)j3 (5)
X . . . . . . .
Ja! Js! Je! al g2l g8l

Since we use a multinomial expansion the sum indices
above are constrained by

n=~6

D/Q:——E:jw
n=1
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On the other hand, expanding the exponential of (3), we
have

oo " COlu,ﬁb,yc
I = Z (_1) +b+

aldle!

a,o,c

(6)

where, comparing the expressions (5) and (6) by its «, 8
and 7 powers, we obtain a general relation for the integral
J = J(a7 b7 c7p7 q):

b,c=0
X J<a’7bycapaQ7m1 =Mmo = M3 = 0)7

J =P (=1)7 P (1+ a) (1 + b) (1 +c)

o . . .
Y (_1)j1+jz+j3F(1 —j1—jo—js— D/2)
MEEEA
Ji,,J6=0 J4:J5:)6"
2)J1 2\j2 2\j3
o @) () -
where for convenience we introduced r = ¢ — p. From

the comparison of powers we obtain three additional con-
straint equations besides the one already defined above
originating from the multinomial expansion. Then, all con-
straints are

a=ji+j2+ Jja, (8)
b= ji+j3+Jjs, 9)
c=7J2+j3+ Je; (10)
D . . ) . . .
o5 = 7J1—J2—J3 = J4—J5 — J6 (11)

2

Therefore, there are four constraint equations with six
variables. These form a system of linear equations that
can only be solved if we leave two free indices and the
result will be given as a double series. There are C§ = 15
distinct ways in which we can choose these two free in-
dices. From these 15 ways there are 12 with non-trivial
solutions, since for three of the resulting systems of linear
equations, the determinant is zero. These 12 solutions are
grouped into three sets, each one with four solutions ac-
cording to the kinematical configuration of the variables
defined by the external momenta. Performing the analytic
continuation to D > 0 and a,b,c < 0 we get the three
sets of solutions for the relevant Feynman integral (see
Appendix A, massless cases) according to their variables,
where J,, n = 1,2,---,12, are written in terms of the
Appel hypergeometric functions Fy. The first set of solu-
tions above is in accordance with the result calculated in
[3]. The other two new solutions represent other kinemat-
ical configuration regions not explored explicitly in text
books but with the same physical importance. These two
other hypergeometric series representations for the scalar
integral in question can easily be obtained from set 1 by
interchanging two external legs and the associated expo-
nents of propagators, e.g., p <+ ¢ and b <> ¢. However, the
negative dimensional approach can generate a hypergeo-
metric series which cannot be obtained through the sym-
metry of the diagram. An illustration of this occurs in the
scalar one-loop box integral [16] for photon—photon scat-
tering, where two of such solutions (which are not related
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Table 1.

Set Solutions

1 Ji+Ja+ I3+ s
2 Js + Je + J7 + Js
3 Jo + Jio + J11 + Ji2

by symmetry but through direct analytic continuation)
are

Fs(-++|o,y) and  Ha(---.z,—y ).

where F3 and Hs are the usual hypergeometric functions
of two variables.

In the next cases, some hypergeometric series can also
be obtained by symmetry considerations when one of the
solutions is known (of course, no such symmetric solutions
can ever be generated if one has nothing to start with!).
Upon this given solution we can carry out the needed in-
terchanges in momenta and exponents of the propagators
in order to arrive at the other solutions. We emphasize,
however, that besides these solutions which are connected
by symmetry, there are completely new solutions which
cannot be related by such means and these were not ob-
tained previously by any other method in spite of the fact
that they have the same physical importance. This is the
strength of the NDIM technique where we obtain simulta-
neously all the solutions: those which are related simply by
symmetry of the diagram and also those which are related
by analytic continuation.

For the sake of completeness let us explicitly write one
of these three hypergeometric series representations for
the massless triangle integral. From Table 1 we choose set
number 3, i.e.,

J(a,b,¢,p,q) = AgF\” + Ao M

+ A FMY 4 AR (12)

where the factors A,, are products of gamma functions and

the F4(n) are Appel hypergeometric functions whose pa-
rameters and variables are given in Table 5 in Appendix A,
so that we have

J(a,b,¢,p,q) = 7"/ (p?)"

o—a o— (_a)fch/2(—b)7ch/2
X{(Zl) ) D2

X Fy 2:: i%;; 21; zzl

ot [
e [ e
=l T S
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Table 2.

Set Solutions Set Solutions Set Solutions Set Solutions

1 JSi+J 5 Jr+Js 9 Ji2 13 Jis
2 Js 6 Jo 10 Jiz+Jia 14 Jig+ J2o
3 Ja 7 Jio 11 Jis+Jie 15 Jo1 + Jao
4 Js + Js 8 J11 12 Ji7 16 Jos

with ¢ = a + b+ ¢+ D/2 and in this particular set,
21 =12/p? = (¢ — p)?/p?, 22 = ¢*/p? and the parameters
xig), cee 334(112) can be read off from Table 5 in Appendix A:

a:gg) =c+D/2, a:gg) =0+ D/2;

a:gg) =1—a+o, xflg):l—b—l—a;

xglo) = —b, chlo) =a+ D/2;

xém) =14a-—o, xfllo) =1—-b+o;

x?” = —a, xén) =b+ D/2;

xén) =1—a+o, xflu) =14b—o0;
e,

xém):l—i—a—a, xfllz)zl—i—b—a. (14)

The symmetry of the original integral allows us to ob-
tain two other hypergeometric series representations, just
interchanging external legs and exponents of the propa-
gators. These are written down in Appendix A. The first
set, A1F4(1) + AQFLEZ) + A3F4(3) + A4F4(4), which is also a
sum of four F; Appel series was obtained by Boos and
Davydychev in [3], see (23) of their paper. The correspon-
dence with our result is achieved by using (a <> —u, b <>
—V,c 4> —p).

2.1 One-loop triangle, one mass case

Now we analyze a second case that occurs when there is
only one massive propagator within the Feynman integral
represented by (1) with m; = m and my = ms3 = 0. Again,
we used the negative dimensional integral method to ob-
tain twenty-three non-trivial solutions with sixteen sets
of independent solutions for the integral, given in terms
of hypergeometric functions of three variables, shown in
Appendix B (one massive propagator case). The sixteen
independent solutions are shown in Table 2.

The first solution, namely, J; + Js, is in accordance
with the result calculated in [3]. Note that there are fifteen
other novel results defined in different kinematical regions
not computed anywhere else.

In order to understand better the notations used in
our paper, we will write one of these new series represent-
ing the Feynman triangle integral with one mass. From
Appendix B, Tables 7 and 8, we observe that every hyper-
geometric series representation for the triangle with one
massive propagator is of the form J = factor x series,
where the poles (if they exist) are contained in the factor
and the series is given by one of the 17, - -, Ts.
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Let us choose, for instance, one of the series that was
not known in the literature, namely, J;. From Table 2,
the solution of set 3 gives exactly Jy and we observe that
using Tables 7 and 8, Appendix B,

J4(a’a b7 ¢ Dp,q,m, 07 0) = B4T2

_ 7_‘_D/Z (7,2)0(21)0*17(22)‘7*0 (_l()l_j_g//;_j_g;:ﬂ

T1,T2,T3

x Ty 21522523 » (15)

Ty, Ts5

where again 0 = a+ b+ ¢+ D/2, and the parameters are
given in Table 8 (n = 4), i.e.,

x1=a+D/2,
s =1—b+ o,

$2:U+D/2,
rz5=1—c+o,

x3=1—0—D/2;

and also the variables

. I . o  m?
1= > 2= .
r2’ r2’

The series Ty is defined in Appendix B.

2.2 One-loop triangle, two equal masses case

We consider also the case of two massive propagators with
equal masses, where m; = 0 and my = m3g = m. We have
obtained thirty-two independent solutions expressed by
the hypergeometric functions of three and four variables
(see Appendix C, two massive propagators). The solution
J32 is in accordance with the result calculated in [3]. Note
again that there are thirty-one other solutions in different
kinematical regions.

Also, in order to understand better the notations used
we write explicitly one of such new hypergeometric series
representations, which is a 4-fold series. From Appendix C,
Tables 10 and 11, we have

Jl(a»bvcapv(boamvm) (16)

_ 7TD/2(p2)<7 (—a)o(=b)s R, 1,2, %3

(*0)20+D/2 Lg,Ts

21;22;28);24] ,

where the parameters and variables can be read off from
Table 11, Appendix C, i.e.,

x1=-0, x3=-—c¢, ax3=1—0—D/2;
ras=14+a—-—0, x5=14+b-—0,
and
m2 ¢ r2 m2
21 = ———F Z9 = —& zZ3 = —& 24 = —F5 -
2 20 2 2
p p p

The series Ry is defined in Appendix C.
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Table 3.

Set  Solutions Set Solutions Set Solutions
1 Ji 13 J16 25 Jag + J2o
2 Jo 14 Ji7 26 Jzo+ J31
3 J3 15 J1s 27 Js2+ Jss3
4 Ja 16 J1ig 28 J34
5 Js 17 J2o 29 Jss
6 Je 18 Jo1 30 Jse
7 J7 19 Jo22 31 Ja7
8 Js 20 Jos 32 Jss
9 Jo 21 Joa 33 Jag
10 Jiwo+Jui 22 Jos 34 Jao
11 Jip+Jiz 23 J26
12 Ju+Jis 24 Jar

2.3 One-loop triangle, three equal masses case

Finally, we consider the Feynman integral with three equal
masses (mj; = my = mg = m) and obtain forty solutions,
which are grouped into thirty-four independent solutions
(see Table 3), also expressed through the hypergeometric
functions of three, four and five variables (see Appendix D,
three massive denominators).

The last solution, namely Jyo, is in accordance with
the result calculated in [3].

Let us write down the first one as an example. From
Appendix D, Tables 13 and 14, we have

Jl(aab,capaqv{mi})
D/2( 2\o o—c afb(ib)—@—D/2(7C)_a_D/2
e R e

> W] Z1,T2,T3 (17)

L4,Ts

21522;Z3§Z4;25] s

where the parameters and variables are, respectively,

.’1?1:1—0‘—D/2,
xg4=1—a—D/2,

Ta=c—o0, x3=b-—o0;
(E5:1—U—D/2,

and

m2r2 m2 m2

HN=——, 29=—%, Z3=—%
2 2 2 2
b q D q
2 2

24 = P 25 = g

4= —— 5= ——5
P2’ r2

The series ¥, is defined in Appendix D.

3 Conclusion

We pointed out that our new results, written as multiple
hypergeometric series, are related to each other through
analytic continuation, direct or indirect. If that is the case,
then we could ask: If we had one of these solutions, would
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it be possible to obtain all the others using analytic con-
tinuation formulas? The answer is, of course, affirmative
and one would say yes, in principle. However, we also need
to point out that very few of these formulas for analytic
continuation are known for multiple hypergeometric se-
ries; most of the known formulas for the analytic con-
tinuation are restricted to the simplest of them, namely,
oF (a,b; ¢|z), which is a single series. Some formulas for
Appel’s functions are also known [27], and even for Mei-
jer’s functions. However, for three and higher variables (or
triple and n-fold) hypergeometric series we do not have
known analytic continuation formulas relating z; — z; L
or z; = 1 — z; etc. This is precisely the case in quantum
field theory: multiple hypergeometric series that obey un-
known analytic continuation formulas. We can go back to
the question raised at the beginning of this section and
correct the answer accordingly: the answer is indeed yes
once and if one knows the formulas for such a continua-
tion! So we propose also that NDIM is a technique where
one can infer such formulas, because all of the results we
obtain simultaneously represent the same integral, so all
of them are related through analytic continuation, from
the very definition of analytic functions and analytic con-
tinuation.

In this work we have used the NDIM approach to
evaluate the one-loop triangle diagram with massless and
massive (with one, two and three equal masses) internal
particles. These kinds of diagrams are relevant to, e.g.,
vertex corrections in QED and QCD, Z-scattering in elec-
troweak interactions and so on. For the massless case, we
have three distinct kinematical regions obtained simulta-
neously; for the one mass case we have sixteen distinct
kinematical regions; thirty-two for the two equal masses
case and thirty-six for the three equal masses case. All so-
lutions are represented by hypergeometric-type functions
of several variables and some of these were compared to ex-
isting results in the literature and in all such cases our re-
sults do match the known ones. Therefore we deem NDIM
as a powerful technique in the computation of highly com-
plex Feynman integrals in various kinematical regions of
interest.
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Brazil, and AGMS gratefully acknowledges FAPESP, Sao
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Appendix

A Massless case

The massless solutions J,, = J,(a,b, ¢, D, p, q), where n =
1,2,---,12, are given by the Appel hypergeometric func-
tion

o

Fylzy,w9; w3, 4] 21; 22] = )
i,j=0

(@1)ij(w2)irs 21 2
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Table 4.

n An

—b —c(=b)_a_pya(=¢)_a_py2

U(Zl)a (2’2)0 ¢ (a+D/2) _24_p/2
o o—c (—a),c+0(—b)v

(22) (c=0) _ct20+D/2
o o—b (—a)_ppo(—C)o

(zl) (b—0) _pi204D/2
o (=b)o(=0)s

(=9)20+Dy2

<
—  ~— ~— ~—

o
3
o)
~
V]

2\o o—a 0—c<7a)—b—D/2(*C)—b—D/2
q (21) (22) (b+D/2) _2p_py2
D/2/ 2\o oc—c (=)o (=b)—cto
& 0°)° (22) (c=0) _cy20+D/2
o oc—a (=b)—ato(=0)o
(21) (a=0) _at20+D/2

(SIS TN
3
o]
~
(V)

— —p(=a)_._ (=b) -
)U 0(22)0 b (c+D7£)2,2C,D/2D/2
D/2(,2\o o—b (=a)o(=¢) _bio
10 (22) (b=0) _pi20+D/2
)afa, (7b)0<7c)—a,+a
(a—0)_at204+D/2

(r°)
(r”)
11 7P2%) (2
12 7P (p?)

Table 5.
n x1,T2;T3, T4 21,22
1 a+D/2,0+D/21—b+o,1—c+o 5,2
2 —¢b+D/251+b+o, 1-cto Z—ifi—i
3 —be+D/2u1-btoltc—o iy e
4 —a,—0;14+b—-0,1+c—0o Z—z,f—z
5 b+D/20+D/%1—ato l-cto 5%
6 —ca+D/2;14+a—0,1—c+o %,Zé
7 —a,c+D/2;1—a+o0,1+c—0 2—2,5;
8§ —=b, —0o;,1+a—0,14+c—o0 ;—2,%
9 ¢+D/2,0+D/2;1—a+0,1-b+0 ;;,Zé
10 —ba+D/21+a-0,1—b+o ok
11 —a,b+D/21-a+o,1+b—0 .
12 —¢,—0o;1+a—-0,1+b—0 ;é,g;

and the general expression for the solutions are given by
J, = A, Fy, where the coefficients A,, are shown in Ta-
ble 4 and the parameters and variables of the functions
F, in Table 5. When appropriate, we use lines between
two subsequent sets of solutions in the tables to separate
different kinematical regions. Also, wherever convenient,
weset c =a+b+c+ D/2.

B One massive propagator

The one massive denominator solutions J,, = J,(a,b,c,
D,p,q,m,0,0), where n = 1,2,---,23, are given by hy-
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Table 6. Table 7.

n1,2345 -89 --,12 13,---,16 17,18 19,---,22 23
I 1 2 3 4 5 6 7 8

n B,

D/2/_, 2\o o—a(=b)—ato(=¢)—ato
1 & (=m%)? (23) (a—0) 241204 D/2

D/2( . 2\o_ (—a)s
2 i ( m) (=9)otDy2

pergeometric functions listed below:

3 7TD/2(—m2)J(—Zl)ib(—22)76$
T Xr1,T2,T3 otD/2
1 215 225 23 - —e(=b)_a_pya(—c)_q_
T4, Ts5 4 7Pl (1) (22)7° TR T Py
el J J .7 —a —c
_ Z (xl)j1+j2+j3 ('T2)j1+j3 (xB)jz-‘rja Zillﬁﬁ 5 WD/Q(qz)U(Zd)Jia(Zz)giC( )(gibjiéf(Zb);b/;D/2
Tg)ir 4ot (25)s. i1 gol 43!’ —a)(— o
j1,G2,53=0 ( 4)J1+]2+]3( 5)]3 Ji: J2- J3 6 WD/Z(QQ)J(ZQ)Uic((_ ))o( b)—cto
C=0)—c4+20+D/2
T1,T2,T3 o o— o—b(—a)_c— (=b)—c—py3
2 x4,l“5’ ZI;Z2;23‘| ! ﬂD/Q(pQ) (z2)7"(z2) ' (C+D72/>272C7D/2D/2
)
) ] ] 8 7I_D/2(p2)v:r(z2)cr7b (*a)a(*c)—bJra
oo 7 J NE (b—0o)_ o
_ (1) 1 +2—is (T2) 1152 —js (T3) 45 21' 25 25° / IZ”)*D 2( .
== . B ] D/2¢ 2\o —c o—b(—a)—cto(—0)c
J1.42:33=0 (x4)j1*j3 (m5)j2*j3 Ji! ga! j3! 9 (P°)7 (22)“(23) ey
10 7FD/2(q2)U(22)_b(Z )U—c(_a)—b+a-(_c)b
x1,T2,T 3 c—o
Ty 1,2, 32:1;22;2’3‘| ( )ot+D/2
T4,T5 11 ﬂ_D/Q(TZ)o’(zl)o’—c(*(‘Cli;u)ero(D*bz)c
oo (Z‘ ) o (33 ) ) (Z‘ ) Zjl Zj2 Zja ot
_ Z 1)j1+7g2—33\L2)j1+52\L3)j3 iii, 12 7TD/2(T2)J(21)0717(*a)7b+a(*c>b
PRl (£C4)j2_j3 (1’5)j1 jl! 32! ]3! (b—U)cr+D( 2a> =
13 D/2¢, 2\o o—a(__ o—b 74 _c—D/2{=0)_c_D/2
T | T2 TP (21)7 7 (2 22) @+ D/2) _3c—p/a
4 21522, 23 D/2/, 2\o o—b (—a)s
A A M S M = ey
o) o o L LJ1 JJ2 s 15 D/2(, 2\o o—a;_ \o—c(=8)_b_p/2(=0)_b_p/2
_ Z (xl)]1+]2(x2)31+]2(m3)h—]3 21 %y 23 ™ (¢7)7(21) (—22) (b+D/2) _2p_py2
= . . . b
jriegemo =i (@5)iitin—g 1l 32t ! 16 772(¢%)7 (-2)7 5P
T1,T2,%3 17 D/2(p2)o( )a—em
Ts 21322523 & r 2 (c=0) _ct204D/2
T s / (=) —pta(=0)
o 18 w2 (r?)7 (22)7 P ot
0 J1 ,J2 L (b—0) _pi2s
S (1) 1452 (T2) 51 45 (£3) jo—js 21" 25" 23" ) (””) o2
- . . R D/2/ 2\o og—a (—0)og(—C)_ato
J1,J2,J3=0 (x4)j2—j3(x5)j1 Ji! ja! js! 19 a/ (p7)7 (22) (G—U)—a+2a+;/2
D/2¢, 2\0 (—a)o(—b)o
T1,T2,T3 20 = (»7) (=09)254D/2
Ts 21; 22; 23 (=) a0
R
e J1 o J2 LJ _ _
S V=G ESRCH I e o o 2 P/ Coeo
= . . . b) =
o (I4)j2—j3<$5)j1+j3 .71! .]2! ]3!
J1,J2,33=0 23 ﬂD/2(T2)U ((:;;;5;2)02
T1,T9,T
Ty | 072 s 205 2
T4, Ts
oo i e s parameters and variables of the functions 7; in Table 8
-y (1)1 +ia+gs (T2) 1442 (€3) s 21" 23° 25" (consider 0 = a+ b+ c+ D/2).
. . )0
J1,J2,33=0 (x4)j1+j3 (‘rS)jz ']1! j2! ']3!
T1,T9,T .
Ts | 7072 3 s 20 23] C Two massive propagators
T4, Ts
> (1) 41440445 (T2) 1+ gt s (€3) 15 z{l 252 zéS The two massive denominators solutions J, = J,(a,b,c,
= Z (@) 1017 (@3)5 15 Egﬁ’ D,p,q,0,m,m), where n = 1,2,---,32, are given by hy-
J1:42,53=0 Jatis\ T8/ g1+ds U2 pergeometric functions listed below:

B,T;, where the relation between n and [ is given by Ta- 1, %2, T3

ble 6, where the coefficients B,, are shown in Table 7, the

and the expression of each one solution is given by J,, =
lx47 T5

215 225 23; 24]
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Table 8.
n L1,T2,T3; T4,T5 21,22, %3
1 —a,c+D/2,b+D/2%0—a+D/2,1—a+to S L
2 2

2 —0,-b —¢;D/2,14+a—0 Ly Ly —;—22

3 l4+a—-o0,-b —cl4+a+D/2,1+a—0 T;—;;’;—;,—’;j{;’;

4 a+D/2,04+D/2,1—0c—-D/2;1-b+0,1—c+o g§%§§_7;22;22

5 0+D/2,b+D/2,1-0-D/%1—cto l-a+o ;%™

6 a+D/2,—c,1-0—-D/2;1—c+o0,1+a—0 %;Z—;;?—;

7 o+D/2,¢c+D/2,1—0—-D/2;1—-b+o0o,1—a+o0o ;—i;g—z;’;‘—;

8 a+D/2, —bl-0c-D/21-b+ol+a—oc oG

9 —¢,b+D/2,b—0;b+D/2, 1+b—c — By -1

10 —-b,c¢+D/2,c—0;¢c+D/2,1—b+c —5;‘122;3—2;—?—22

11 —c,b+D/2,1—c—D/2%1—c+o,1+b—c _m P
2 2

12 —b,c+D/2,1-b—D/2;1—b+0,1—b+c T =

13 c+D/2,6+D/2,1-b-D/2%1-bto l—ato 53721,

14 —=b, —c,1-b—D/2;1—b+0,1+a—0 ;—;;’;—;;%

15 b+D/2,¢c+D/2,1—c—D/2;1—c+o,1—a+o0o Z—;;’;—;;%

16 —c,—bl1—c—D/2;1—c+o, 1+a—0o o0 2y

17 —e,b+D/2,1-0—-D/2%1—c+o,1+b—0 48,0

18 —b,¢c+D/2,1-0—-D/2;1—b+o0,14+c—0 f—i;g—z;—'s—;

19 —a,b+D/2,1—0—-D/2;1+b—0,1—a+0 Z—z;;—z;?—;

20 —0,—¢,1—0—-D/2;14b—0,14+a—0 Z—;;;—z;’;—;

21 —-a,¢c+D/2,1—0—-D/2;14c—0,1—a+o zé?%;%;

22 —o,-bjl—0—-D/2;14c—0,14+a—0 2—2;;—2;’;—;

23 —a,-0,1—-0—-D/2;14b—0,1+c—0 fé,gé;*fj

Table 9.
n 1,---,6 7,8 9,---,12 13,---,16 17,18 19,---,22 23,---,26 27,28 29
l 1 2 3 4 5 6 7 8 9

o0

($1 )j1 +j2+73 (mQ)jl +Jj2—Jja (1‘3)]‘2 +Js

215 223 23; 241

(1) 1452 —gs—5a (T2) g1 +52— s (¥3) js+ja

J1 J2 ,J3 .ja
2t 2 2y 2y

il ga! gs! gal’

(T4) jo—js (¥5) 1 —js—ja

_ T1,T2,T3
- (00)s2-1 (0 )i o
J1eerjia=0 4)j2—ja\"5)j1+j2+73—Ja T4, Ts5
2 23 25 2 S
NS A s -

Jut g2t gst el J1r0nda=0
xr1,%2,T3 J1 J2 ,J3
Ry [x 71‘ "ot 205 235 24 ZLZLZLZL’

45 g1t g2t gs! ja!
oo
_ (1) 51472 —js—3a (¥2) j1 455 (¥3) s+ R, | T2
- 4
P (4) 31— (%5) j2— s Ty, T
o0

£1; 225 233 24‘|

(1) 4y +jo—is (T2) 1 45 (T3) jo—ja

- 3

J1s-,Ja=0

(T4) jo—js—ja (T5) j1—js
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J1 LJ2 ,J3 4
Rl %3 %3 2y

g1l ga! gl jal’

R L1,T2,T3| .
5 15 225 233 %4

Ty,Ts5

Ji,--,Ja=0

(1) j1 +j2+4s (T2) 1 +5 (T3) o+ Zl 252 Z§3 fo

(Ta) 1 +52+54 (T5) js—ja gi! gl ga! jal’

£1,T2,T3

Rg

15 225 233 %4

Ty,Ts5

Ji,--,34=0

(1) jy +jo+is+da (T2) g1 4545 (T3) 1 +ja
(1‘4)]‘1 +j3+7a (.135)]'1 +j2

J1 j2 3 ja
A1 %2 A3 A

il ga! gs! gal’

XT1,T2,T3 . . .
R7 15 2235 235 24

T4, L5

0o
Ji,--,54=0
Ji ,J2 ,J3 ,J4

2t 25 2P z)

g1l ga! gs3! ]4~7

X1,T2,T3

('rl )j1 +j2+73 (xQ)jl +Jj2—Jja (333)]‘3 +Ja
(T4) j2—j4 (T5) j1+4s

Rg

15 225 233 %4

Ty,Ts5

oo

- ¥

Ji,--,3a=0

(ml)J1+J2 ]3(x2)j1+J2(x3)J3+J4 Zl Z2 Zij%g 2314

(T4) 1 —j5—5a (T5) i+

g1l g2! gl jal’

R9 x1,T2,T3

15 225 233 %4
T4,T5

oo

- ¥

Ji,--,3a=0

(1)1 4da+datda (T2) 41 12 (T3) -+
($4)j1 +J3 (1‘5)]‘2 +Jja

J1 J2 ,J3 .ja
z1t 25 2y 24

g1l ga! gs! J4

Tg L1,T2,T3,T4,T5

k1, 225 23
Zg, L7

(o9}

(xl)j1+j2 (xQ)jz-‘r]é ($3)—j1+j3 (324)_2]‘1 +Js (.135)]'1

J1,J2,33=0
J1 J2 .J3
21 A 23
g1l ga! ga!’

X1,T2,T3,T4,Ts5

(T6) —jy 543 (T7) —j1 443

Tio 21, 225 23

Te, L7

o (@1) 1 tgatgs (T2) 1450 (T3) 5144 (T4) jots (25) 15

> e e
J1.52:53=0 ( 6)]1+]2+J3( 7)]1+]2+2J3
J1 ,J2 L3
1% 73

Ji! ja! gs!

Table 10.
n Cn
LY S
2 PP R
3wty ERele
4N )
o) ) e
L PO e T
T )
8w () e
O P e
10 mP/2(p)7 (20)7 0 )0 g et
1 mPlR) (o) ) g e
12 7P/(r2)7 (21) (zg) e a2 s
13 mP(p)7 (20) 7 () S e
14 7P/ () () e R
15 7Y ()7 () e COapre
16 7P/ (1) (20) Y (—a)7 e e
17 7_rD/Q(_m2)a(ZB _6(24)_a(a7(cr_)icp/2
18wt ()™ ) G
19 ﬂ_D/Z(_m2)G(_Z1)7b(Z4)7a%
20 71_D/2(_m2)a(_zl)—c(z4)—a%
21 7r17/2(7m2)cr(72,3)7(;(724)7am
22 ﬂD/z(_mz)a(_23)71)(_24)7(1%
23 ﬂD/z(_mz)a(Z4)c—a(—?2in$?;i(+;i)+z;tf/z
2w ) ) R
25 wP2(-m?) ()t b
2 ﬂD/z(_mz)a(ZQ)—c(*(:)2(;:2;;;0
27 7rD/2(_mz)a( 2)” c((b)bJr(;)D:z
28 ﬂD/Z(—m2)"( 21)” b((C)(‘-‘—(vl:r)D:Z
20 P/ (—m?) (=)t P2 e aCO e
30 ) )
3wty ()
392 ﬂ_D/Q(_mQ)U (D/2)a
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Table 11.

n T1, T2, T3; T4, T5 Z15 %25 235 %4

1 —o,—¢,1—0—-D/2;14+a—0,1+b—0 —2—;;;—2;;—2;?—;
2 —o,-bjl—0c—-D/2;14+a—0,14+c—0 —’:—;,52;;—2;?—;
3 —o,—a,1l—0—-D/2;14+c—0,1+b—0 fé;ré’%z;%j
4 —¢,b+D/2,1—-0—-D/2;1—c+o,1+b—0 Zé;f—;;f—;;%
5 —b,c+D/2,1—0—-D/2;1—-b+0o,14+c—0 f—z;g—z;%z;?—j
6 —c,a+D/2,1—0c—-D/2;14+a—0,1—c+o 2—2;?—;;2—2;—’;—;
7 —-b,a+D/2,1—0c—-D/2;14+a—0,1—b+0o ;—2,7;—22;;—2;7’;—;
8 ¢c+D/2, —a,1—0—-D/2;1—a+o0,1+c—0 ;—E,Z;;T—;,—T—;
9 b+D/2, —a,1—0—-D/2;1—a+o0,1+b—0 ;—Q;Z—Q;T—;;f%z
10 0+D/2,c+D/2,1—0—D/2%1—b+o,1—a+o e
11 c+D/2,b+D/2,1—c—D/21—c+o,1—a+0o o By~ ™
12 o+D/2,a+D/2,1-0—D/2%1-b+o,1—c+o G gy m, my
13 c+D/2,a+D/2,1—a—D/2;1—a+0,1—b+0c R
14 b+D/2, a+D/2,1—a—D/%1—a+o,1—c+ao gy ml L I
15 b+D/2,a+D/2,b—0;b+D/2,1—c+o0 f—z;%; ZL—;;T—;
16 ¢c+D/2,a+D/2,c—0c;c+DJ/2,1—b+o0o Z—z;%;—’;—;,’f—;
17 —c,a—0,a+D/2 a+D/2,1+a—c AR & R TR
18 —-b,a—o0,a+D/2;a+D/2,1+a—b 22;—7‘7’122;22;2—;;—?—22
19 a—b1-b-D/2 —a;1—b+o, 1—b—D/2 e v e T
20 a—c¢,1—c—D/2,—a;1—c+o0,1—c—D/2 T—;,T—;;—ZZ@,;—E
21 14b—0, ¢, ~a; 1+b+D/2, 14+b—0o Sy, m, mp
22 l1+¢c—0,—a,=b;jl+c+D/2,14+c—0 —?;T;;T—Q,T—;,’;—;
23 —c,b+D/2, a+D/21—c+ao,a+b+D L~y I -
24 —bc+D/2, a+D/21—b+o,a+c+D %;—%;%;—%ﬁ
25 —b,1-b—D/2,a+D/2;1—b+0,1+a—b g T o
26 —c¢,1—-c—D/2,a+D/2;1—c+o0,1+a—c Zf,—’;—;;;—;;—%
27 —¢,1—¢c—D/2, —a;1—c+o,1+b—0 mioml 4 v
28 b, 1-b-D/2, —a;1—-bto,1tc—0o momiE, 4
20 14a,a+D/2, —a;l-ctol—bto mloml 2 4
n T1, T2, T3, Ta, Ts; Te, T7 21, 22, 23

30 —¢,—a,1—a—-D/2,1—a+b+c,a+D/2;1—a+b1l—a+o0o —;—22; qz;’:—j
31 —-b,—a,1—a—-D/2,1—a+b+c,a+D/2;1—a+c,1—a+o —%;z—;;’;—;
32 —o, —a, —b, —c,a+ D/2; D/2, —b—c¢ 2
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134
Table 12.
1,---,15 16,---,21 22,---,27 28,---,33
1 2 3 4
Table 13.
n Dy,
O i G i G i e e s
R R I e M s
3 wP0) (—a) T () e e
4 RPP(em?) (z) " () 0 SR
5w/ (=m?) (z) " (a) T R
6w A(—m?)7 (z) () RS
T Py () 0 () R
8 w2 (=m?) (z) " (a) R
9 w2 (m?)? () 0 (2a) e Lm0
10 7P/ (=m?)7 (z5) P2 e p e b
T i M M ey
12 WP/ ()7 (25) P S D
13 P ) () e e
14 wP/ o) () R S
15 mP/(—m?) (s5)7 P2 Chcas s CO ez
16 w00 ) e
) ) e
18 w0 ) e
R UGN o werevay
G R GO o wrvs
2 R0 e
22 7TD/2(—mz)"(—ZAJL)fb(—Z&B)fc7<_G_D1/2)D/2
23 7TD/2(_7712)0(_24)_‘1(_25)_6(437D1/2)D2
2 ﬂ_D/2(_m2)J(_Z4)—a(_25)—bm
B G M &y
B Rl vy
97 7rD/2(r2)" (=b)o(—0)s

(=09)2s4Dy2

Table 13. (continued)

n D,

_q(—a)_._ —b)_._
28 w2 () (20) P () g
20 7P/ (m?)(a)! /() Tt

o c _p(—a)_._ (=b)_o—
30 w2 (=m®)7 (za) TP () i
D/2 2\o a+D/2 —b(=b)_a_ps2(=0¢)_a_pDy
31 wP/2(=m?)7 (24)* P/ (25) ("‘+D/2>2—2a—D . 2

32 (o) ()P (z5) ¢ ot prn

o a —e(=b) o (—¢)_a—
83 mP/A(—m?)? (2a) P2 (5) " gt

34 wP/A(—m?) (—m) PO

o —a (7b>7r;7
35 TFD/2(_m2) (—21) (a—b),Dc/2

o —c(=a)_p—
36 wP/2(—m?)7(~21) ﬁ

o —a (=) b
I R e =

o 7C<7b)—a—
38 7TD/2(—m2) (_Zl) (—TC),DQM

39 7[_D/2(7m2)a(721)—b (*(Cb):SiD/Q

40 TrD/Q(_mQ)”(*UiD 2

and the expression for each one solution is given by J,, =
Cn Ry, J30 = C30Ty, J31 = C31Ty, J3o = C32T19 where the
relation between n and [ is given by Table 9, where the
coefficients C,, are shown in Table 10 and the parameters
and variables of the R; and T} functions in Table 11.

D Three massive denominators

The three massive denominators solutions J,, = J,(a, b, c,
D,p,q,m,m,m), where n = 1,2,---,40, are given by hy-
pergeometric functions listed below:

N T1,x2,T3 . . . .
1 213 225 235 %45 %5
T4, Ts
o0
_ 2 : (xl)j1+j2+j3(~'L'2)j1+j2—j4(553)j1+j3—j5
I — (x4)j1*j4*j5 ($5)j1+j2+j3*]’4*j5
Ji J2 ,J3 ,Jda ,Js
2t 2y 2 2t
RN RN
Ji g2t 3t Jat Jst
!p XT1,T2,T3 . . . .
2 ©15 225 2335 243 25
T4, Ts
oo
S (1) 414245 (£2) ja+jat s (£3) 142 —ja
J1vids=0 <x4)j2—j3—j4(x5)j1+j3+j5

J1 LJ2 ,J3 Lja s
2t 2y 2 2yt

gl g2l gs! gl gs!’
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Table 14.

n Z1, T2, T3; T4, T5 21} 22; 23; 24} 25
1 1-0-D/2c—ob-0o;1—a—D/2, 1-0—Df2 —Zr mml 2,
2 1-0-D/2,a—0,¢c—0;1—-b—D/2,1—0—-D/2 —7;22;7;;’7:—22; ’;—;,—;—; -
3 l1-0o-D/2,b—0,a—0;1—c—D/2,1—0—D/2 —’Z;f;;’;—;; T—;,—Z—z;—
4 —c,a+D/2,a—0c;a+D/2,14+a—c —:122222;{1’—2; Z—i; —;’}—;;—’:—
5 —ba+D/2a—cia+D/2,1+a—b — L G Gy T -y
6 —c¢,b—0,b+D/2;b+D/2,1—c+b —fi;;f—z, ﬁ—z; —ZL—;;—T;—
7 —a,b—o0,b+D/2;b+D/2,1—a+b —712;22;;—2, ;—z; —T—;;—m—
8 —bc—o,c+D/2ctD/2,1-btc .
9 —a,c—o0,c+D/2;¢c+DJ/2,1—a+c —5122222,2—2; 2—2;—7:—22;—77
10 —¢,b—0,a—0;1—c—D/2, —c 77{’1—22; 73122,72—22, 7%22;7’;—2
11 —¢,b+D/2,a+D/2,1—c+0,a+b+D — T G Iy -0 -y
12 —-b,c—0g,a—0;1—-b—D/2, —b —%, 7’:;;;—22; —T;—;;—’;—;
13 —b,c+D/2,a+D/2;1—b+o0,a+c+ D —7‘51—22; 7%; ;—22; —?—;;—%
14 —a,c+D/2,b+D/2%1—a+0, b+c+D 2 g mE_mE
15 —a,c—o0,b—0;1—a—D/2, —a —;22,71:1—2;; 7‘;—22; —T—;; —T—z
16 1-0c-D/2,a+D/2, —c;1—c+o,1+a—c MRy —Ip; B Oy

17 1—-0-D/2, —bb—o;1l—a—D/2,1+a—0 Ty Iy Ly T

8 1-0—-D/2,—¢,c—0;1—-b—D/2,1+b—0 %; %,7%2, f—z; ’:

19 1-0-D/2,—a,a—0;1-b—D/2,1+b—0 r—;; T—;,—Z—Q, ;—2;’;—;

20 1-0-D/2,-b,b—0;1—c—D/2,14+c—0 ’:—22; q—;,—f—?, Z—Q;T—;

21 1-0-D/2,—a,a—0,1—c—D/2,1—0+¢c 7227 T—;,—(’;—Z; q—z;’;—;

22 14a—o0,-b,—¢l4+a+D/2,14+a—0 —’;‘22;22;’;—22, 'Z—;; 722§%22
23 14b—-o0,—a,—c;1+b+D/2,1+b—0 T;jf;,?—;; T227 %; &
24 14c¢c—o0,—a,-bjl4+c+D/2,1+c—0 77;‘;7?22;’;‘—;; ’:f—;; TZ—;,T—;
25 —0,-¢l1—0c—-D/2;1+a—0,1+b—0 ’;—22; Z—i; ’;f—;, ;—2,’;—;

26 —o,-b1-0-D/2;14a—-0,14+c—0 ’:22,1;—;, ?—22, Z—;;T;—;

27 —o0,—-a,1—0—-D/2;14b—0,14+c—0 —T—;; f—;, %2, 2—2,%2

28 a—-o,a+D/2,c+D/2;a+D/2;1-b+0o ;—22, Z—z; ZL—;; z—z;—z‘—;

29 a+D/2,a—o0c,c—0c;a+D/2,1—b—D/2 ;—2‘2, Z—;; ’:—22; Z—Z;—?—;

30 b+D/2,b—0c,a—0;,b+D/2,1—c—D/2 gl—zg; ;—z; T—;; f—z;—’:—j

31 b—o,b+D/2,a+D/2;b+D/2,1—c+0 q—z, ;—z; T—;; f—z;—’;—;

32 c—0,c+D/2,b+D/2c+D/2, 1—a+o Zp; Gy 7 oy -

33 ¢+D/2,c—0,b—0;¢c+D/2,1—a—D/2 %22; Z—z; Tq"—;; Z—z; —%2
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Table 14. (continued)

n T1, T2, T3, T4; T5, T6, L7 Z1; 225 235 24
38 —b,1-b-D/2,1+a—btc, —c;l+a—b1-b—D/2 1—bto 5", 0
3% —a,1-a—-D/2,1—a+b+c¢,—¢1—a+b1l—a—-D/2,1-a+o0o 73—22; ’;—22; Z—z, 77722
2 2 2 2
36 —cl-c—D/2,1+a+b—c,—bjl+a—c 1-—c—D/2,1-ct+o 75" 2} b=
37 —a,1-a-D/2,1—a+bte, ~bjl—atel—a—D/2 1—ato =5 m; 5% 1
38 —c,1—c—D/2, 14a+b—c,—a;l+b—c,1—c—D/2, 1l —ct+o Do = o 2
30 —b1-b-D/2,1+a—btec, —a;1—btel-b-D/2,1-bto Mmoo
n X1, T2, T3, Ta; T5 Z1y %25 23
2 2 2
40 —0o, —a, 7ba —C 7G+D/2 %’ #7 #
T1,T2, T3 rameters and variables of the functions ¥;, R1¢, and 717 in
73 215 223 235 243 %5 Table 14.
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o0
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